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ABSTRACT 
Let K, and K, be proper cones in the finite dimensional real vector spaces V, 
and V, respectively, and let II(K,, Ka) be the cone of all linear transformations from 
V, to V, that map K, into K,. For i = 1,2, let Ext K, be the subset of Ki consisting 
of 0 and the extremals of Ki. Let A E II(K,, K2). Our purpose is to give an upper 
bound for the dimension of the face generated by A in II(K,, K,), provided that 
A Ext K, c Ext K, and that certain indecomposability conditions are satisfied by K, 
and its image under A. 
I. INTRODUCTION 
Let V be a finite dimensional real vector space. A nonempty set K of V 
is said to be a convex cone if x + y E K and (YX E K for all x, y E K and 
cu>O. Kissaidtobep&ntedifKn(-K)={O},andproperifitispointed 
and closed and spans V. 
Given two proper cones K, and K, in the finite dimensional vector 
spaces V, and V, respectively, it is our purpose to consider certain linear 
transformations that map K, into K,. Since our vector spaces are always 
finite dimensional, we may consider our vectors to be column tuples, and 
linear transformations to be just matrices. We give now some additional 
definitions. For further details concerning cones the reader may consult [2] 
and references cited there. 
Let K be a pointed cone in Rn. Then it induces a partial order there, 
namely: for x, y E R” define x < y if and only if y - x E K. A face F of K is 
a subcone of K such that 0 B y G x and x E F imply y E F. Any one 
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dimensional face of K is called an ex&me ray. It is well known that every 
proper cone in R” is generated by its extreme rays, i.e., it is equal to the 
convex hull of its extreme rays. Hence a proper cone K in R” must have at 
least n extreme rays. We say K is polyhedral provided K has finitely many 
extreme rays. 
For any x E K we denote by G(X) the face generated by X, that is, the 
intersection of all faces of K containing x. We say x is an extre~& of K if 
+(x) is an extreme ray. Let Ext K denote the set consisting of 0 and the 
extremals of K. 
A cone K is said to be decomposable if there exist two nonzero faces F, 
and F, such that K = F, + F, and span FI r~ span F, = {O}. Otherwise, K is 
said to be indecomposable. 
Given two proper cones K, and K, in R” and Rm respectively, let 
I’I( K,, K,) = { A E IV”,“: AK, c KS}. 
If K, = K, = K, we write II(K) for II(K,, K,). Since II(K,, K,) is also a 
proper cone in IV” (cf. [S]), it is of interest to know the set Ext II( K,, K,). 
The following result gives sufficient conditions for A E II(K,, K,) to be an 
extremal. 
THEOREM 1. Let K, and K, be proper cones in R”, R”‘, respectively, 
andktAERm,“. Suppose the following hold: 
(a) K, is indecomposable; 
(b) KerA = (0); 
(c) A Ext K, c Ext K,. 
Then A E Ext II( K,, K,). 
This result was proved in fact in [4] for the case K, = K,, but the same 
proof applies for the more general statement of Theorem 1. In general, none 
of the assumptions of Theorem 1 can be omitted. In this work we are 
interested in obtaining upper bounds for dim+(A), the dimension of +(A), 
in case assumption (b) of Theorem 1 is replaced by the assumption rank A = r. 
2. UPPER BOUNDS FOR DIM @(A) 
We assume throughout that K, and K, are proper cones in R” and R”, 
respectively, and that A E II(K,, K,). Let +(A) denote the face generated 
by A in II( K,, K,). We shall assume throughout that n > 3. We consider the 
following problem. 
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Problem 1. Suppose that K,, Ks, and A satisfy: 
rankA=r, 
AExtKicExtK,, 
K, and AK, = { Ax : x E K, } are indecomposable cones. 
(1) 
(2) 
(3) 
Is it true that 
dim+(A)gn+l-r? (4) 
Our purpose is to show that (4) fails to hold in general, but it does hold if 
K, and AK, satisfy additional indecomposabihty assumptions. We may 
assume throughout that A # 0, for dim+(O) = 0. It is also clear that if A 
satisfies (2) then dim+(A) < n. Indeed, suppose that B E $(A). Then, for 
every x E Ext K,, either Ax = 0, in which case also Bx = 0, or Ax # 0, in 
which case there exists a unique y, E R, y, > 0, such that Bx = yxAx. Since 
Ext K, contains a basis for R”, we must have dim (p( A) < n. 
We note also that (4) cannot be improved in the extreme cases T = 1 and 
r = n. For r = n this is obvious. (Note that in this case the indecomposability 
of K, implies that of AK,.) For r = 1 one may easily find examples where 
dim+(A) = n. Indeed, given any x E R” denote by x* its transpose. Let K: 
denote the dual cone of K,, that is, 
K:= {~ER'?~*xzOVXEK~}. 
Then, for any z E Ext K,, x # 0, and any y in the interior of K:, the matrix 
zy* in fact maps K, onto the ray through z, and it is known that dim+(A) = n, 
since in Kr dim+(y) = n. 
Before stating our result, we introduce a convenient transformation of the 
given matrix A. For any positive integer k, we denote by ejk), i = 1,2,. . . , k, 
the standard unit vectors in Rk. We may assume without loss of generality 
that Ext K, contains the standard unit vectors of R”, and that Aej”) = ejm), 
i = 1,2 , . . . , r. Hence, since rank A = r, A has the form 
A= (5) 
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Note that if B is any m X n matrix such that B E +(A), then there exist 
nonnegative real numbers PI, &, . . . , P,, such that 
where, for r + 1~ j < n, we agree to choose j3i = 0 if the jth column of A 
is 0. 
THEOREM 2. Let K, and K, be proper cones in R”, R”, respectively, 
and letAER”‘s”. Suppose the following conditions hold: 
(a) rank A = r; 
(b) A Ext K, c Ext K,; 
(c) K, and AK, are indecomposable, and K, has n + 1 or n + 2 extreme 
rays. 
Then dim+(A)<n+l-r. 
Proof. As indicated, we may assume that ejn), i = 1,2,. . . , n, are ex- 
tremals of K, and that A is given by (5). Let B E +(A). Then B is given by 
(6). By Theorem 1, we may also assume T < n. Given any v = (vi) E Ext K,, 
there exists a nonnegative real number /3, such that Bv = &, Av (if Av = 0 we 
agree to choose & = 0). We define 
R,(v)= t a, j”jY i=1,2 r. >***, 
j=r+l ’ 
Hence we get 
/~ivi+ i ai,jPjvj=P”[vi+Ri<V)I, i=1,2 r. ,**., (7) 
j=r+l 
We now distinguish two cases: 
Case 1. Suppose K, has n + 1 extreme rays. Let x E Ext K, such that 
G(X) and +(e!“)), i = 1,2 ,..., n, are these extreme rays. Applying (7) with 
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PiXi+ f U,,jPj"j=W+l[Xi+Ri(x)ly i = I,2 ,.**, r* (8) 
j=r+l 
It follows from (8) that pi, pa,. . . , /3,,, - &+ 1 is a particular solution of the 
homogeneous linear system of r equations, whose matrix of coefficients is 
Tl = 
Xl 0 a l,r+l~r+l * * - al,,xn Xl + R,(x) 
x2 a2,r+lXr+l * - * a2,rPn x2 + R,(x) 
0 r, ar,,+lx,+l .-* a r,nXtI xr + %(4 
Since K, is indecomposable, we clearly must have xk # 0, k=l2 , ,...) r. 
Hence the general solution of the homogeneous system contains n + 1 - T 
free variables, and the result follows in this case. 
Case 2. It remains to consider the case K, has n + 2 extreme rays. We 
assume r and u are extremals of K such that r+(x), +(u), and +(ej”‘), 
i=1,2 ,***, 12, are the extreme rays of K,. Applying (7) with x = v and then 
with u = v, and writing &,+, =&, ,4,+2 =&,, we get 
biXi+ i ~i,j~jxj=&+l[xi+Ri(x)ly i = 1,2 ,...,r, (9) 
j-r+1 
n 
Pi"i + C ai, jbj"j = fin+2 [ui+Ri(z& i=1,2 ,..., r. (10) 
j-r+1 
It follows from (9) and (10) that pi, &, . . . , &, - pn+l, - fin+z are a particu- 
lar solution of the homogeneous linear system of 2r equations, whose matrix 
of coefficients is 
T2 = 
Xl 0 a l,r+1Xr+l 
x2 a2,r+lxr+l 
0 x, a r,r+lXr+l 
Ul al.r+lUr+l 
u2 0 a 2,r+1%+1 
0 % a,,,+lf4+1 
aknxn xl + R,(r) 0 
a2,sn x2 + R2(r) 0 
6, n x, xr + %-(I) b 
ahun 0 u1+ fi,(u) 
a2,dh 0 u,+R,(u) 
ar,dh 0 u, + i(u) 
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Thus, we have to show that rank T, > T + 1. 
Since K, is indecomposable, there exists 1~ i 6 T such that xi f 0 or 
ui # 0. Without loss of generality we may assume there exists 1 d 1 d r such 
that xi#O, i=1,2 ,..., E, and xi=O, i=Z+l,..., T. If Z=r, the result 
follows from (9) exactly as in the preceding case, so we may assume 1< r. 
Since K, is indecomposable, we must have ui # 0, i = E + 1,. . . , r. 
We apply elementary row operations to the matrix T,, and get the matrix 
T3 given by 
r Xl O ~1,r+1G+1 
0 
0 Xl q,+lG+l 
Q+l*r+lXr+l 
0 0 
%,.+1X,+1 
%,.+1U!?1 
0 0 
~l,r+1% ‘1 1 
i 
uI+l 0 =l+l,l+l%+l 
0 
0 u. G.,+1%+1 
a, ““2’ 
. 
“1+1.&, 
G,.% 
=l,“% xl+ R,(r) 0 
xl+&(r) 0 
XI+,+~+I(~) 0 
2, + R,(x) 0 
-~(~,+Rdx)) u,+ R,(u) 
- +I + h(r)) ul+R,(u) 
0 U,+I + k+,(u) 
0 u,+%(u) 
where utk’ = ui - x,‘ukxj, k = 1,. . . , I, j = r + 1,. . . , n. 
Let J 
al+l,r+lXr+l **- a1+1,?P* %+1+4+1b) 0 
a r,r+lXr+l *-* a I, VP, x* + R,(x) 0 
T4 = al,,+lf4:)l - - * a, ,uf$ -++%w) "l+u4 
. 
al +lu!!$l I.. ,I a,, A? - :cr, + RlW fJl+ W) 
then it suffices to show that rank T4 > 1. Suppose this is not the case, that is, 
T4 = 0. 
WemayassumethereexistsO<q<n-rsuchthat xr+.=O, j=l,...,q, 
and x r+j#O, j=q+l,..., n - T. Since K 1 is indecomposa 1: le, we must have 
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u I+i#o, j=l,..., 9. Since T4 = 0, we conclude that ai, k = 0 for i = 1+ 
1 ,..., r, k=r+q+l,..., n,andfori=l,..., 1, k=r+l,..., r+q. Wealso 
have xi+R,(r)=O, i=Z+l,..., r, ui+Ri(u)=O, i=l,..., 1. Hence, for 
each of the vectors Ae$“),.. ., Ael(“), Ae,$b+,,. . . , Aei”), Ax the set of non- 
zero coordinates is contained in { 1,2,. . . , 1 }, while for each of the vectors 
Aej;)i,. . . , Ae$, Au, the set of nonzero coordinates is contained in { I+ 
1 >***, r }. It follows that AK, is decomposable, contrary to our assumptions. 
Hence rank T4 2 1, and the proof is complete. n 
Using Theorem 2 we show that an affirmative answer to Problem 1 can 
be given provided some additional indecomposability requirements are im- 
posed on the cones under consideration. We then give an example which 
shows that in general the inequality (4) does not hold. 
THEOREM 3. Let K, and K, be proper cones in R”, R”, respectively, 
andletAER”‘*“. Suppose the following hold: 
(a) A Ext K, c Ext K,. 
(b) rankA=r. 
(c) K, and AK, are indecomposable. 
(d) Any ndimensicmul (rdimensiml) cone generated by n + 2 (I- + 2) 
extreme rays of K, (AK,) is indecomposable. 
Then dim+(A)gn+l-r. 
Proof. We have two cases: 
Case 1. K, is a polyhedral cone. In this case we use induction on t, 
where t denotes the number of extreme rays of K,. Clearly t z n + 1. The 
result is true if t G n +2, by Theorem 2. 
We describe the general induction step. Observe first that if we choose an 
arbitrary extreme ray of K, and form the cone generated by the remaining 
extreme rays of K,, then this cone must be n-dimensional, since K 1 is 
indecomposable. An analogous statement holds for AK,. 
We suppose first that there exist two linearly independent extremals xi 
and xs of K 1 such that Ax, and Ax, are linearly dependent. Define i as 
follows: If Ax, = Ax, = 0 or if Ax, # 0, let i = 1. Otherwise let i = 2. Let gT?, 
be the cone generated by-the set of extreme rays of K, except the ray 
through xi. Then, c!early AK, = AK,. Let $(A) dencte the face generated by 
A in the cone II(K,, K,). Then we have +(A) c +(A). We may apply the 
induction hypothesis to conclude that dim@(A) d dim&A) < n + 1 - r. 
It remains to consider the case that AK, and K, have the same number 
of extreme rays. Pick any x # 0, x E Ext K,, and let y = Ax. Hence y # 0 
and y E Ext AK,. Let K, (I?,) be the cone generated by the extreme rays of 
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K, (AK,) with the exception of the ray through x (Y). Then dim 2, = n, 
dim-K, 3 T, and Z?, = AKi. Let &A) be the face generated by A in the cone 
II(K,, K,). Again, it is clear that +(A) C +(A). We may apply the induction 
hypothesis and conclude that dim G( A) < n + 1 - r, and this implies the 
result. 
Case 2. We remove now the assumption that K, is polyhedral. We form 
a cone K, contained in AK, as follows: If AK, contains exactly r + 1 
extreme rays, we let K, = AK,. Otherwise, choose r +2 extreme rays of K, 
which belong to AK, and generate an r-dimensional cone. Pick one vector 
from each extreme ray of Ka, and denote the vectors obtained this way by 
Yl, Y2,'.',Yr+2. For i=l,2,..., r +2 let xi E Ext K, be such that Axi = yi. 
We now add extremals x r+3,. . . , x, of K, so that the cone K, generated by 
Xl, r s,.*.r xt is n-dimensional and indecomposable. This is possible by as- 
sumptions on K,. Let K, = AK, By the previous case &A), the face 
generated by A in the cone II(K,, I??,) has dimension n + 1 - r at most. 
Since +(A) c &A), the proof is complete. n 
Finally, we give an example which indicates that the answer to Problem 1 
is not always positive. 
EXAMPLE 1. Let x=(1, -4,0,0,0,0,2,0,0,0)f, y=(O,1,2, -l,l,O, 
_I - 194, O)t, x = (0,2, - 6,3, - 3, 1, - 1,3,0, l)t, and let K = 
h&x, y, z, ejl”), i = 1 2 , , . . . , lo}. Then it is clear that K spans R1’ and is 
closed. It is also easy to verify that K is pointed and indecomposable. Let 
[ 
1000000 0 10 
0100002 0 30 
A= 0 0 1 0 0 0 0 2 -1 0 
0001000-1 10 
Efi6,10 
’ 
0000100 1 10 
0 0 0 0 0 10 0 -1 l_ 
and let 
K,=AK,=hulI{Ax,Ay,Az, Ae,!“),i=1,2 ,..., lo} 
=huU((O,O,2, -1,1,0)t,(1,3, -l,l,l, -l)f,e!6),i=1,2 ,..., 6). 
It is straightforward to check that K, is a proper indecomposable cone in R6, 
and that A Ext K, = Ext K,. However, +(A), the face generated by A in 
Il(K,, K,) is 6dimensional. It is not difficult to prove this result, but for our 
DIMENSION OF FACES 207 
purposes it will suffice to show that dim+(A) > 6. Indeed, for any 
-pl 0 0 0 0 0 0 0 P5 0 
0 & 0 0 0 0 2& 0 3& 0 
0 0 0 0 0 0 O 
B= p, 2& -P5 
0 0 0 p, 0 0 0 -P,PsO 
(-p,10 
' 
0 0 0 0 & 0 0 A p5 O 
0 0 0 0 OP, 0 0 -I35 I%_ 
where&>O,i=1,2 ,..., 6, we get that for any u E Ext K, there exists y, z 0 
such that Bu = yuAu. Hence B E +(A), and it follows that dim +(A) >, 6. 
It is not clear if there exists an example with K, = K, which yields a 
negative answer to Problem 1. 
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